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ABSTRAGT: One-, two- and three-locus models of selection and mutation in completely
self-fertilizing populations are examined. Equilibrium frequencies can be determined for
these systems. Numerical analyses indicate that random genetic drift attributable to seifing
plays a major role in determining equilibrium frequencies, even when strong directicnal
seleclion is operating. Linkage has no effect on marginal gene frequencies or single-locus
heterozygosity at equilibrium. The enly model of those examined which leads to linkage
disequilibrium is disruptive selection. In that model, selection reinforced the effect of self-

ing in favoring the homozygous genotypes.

SELF-IFERTILIZATION represents one cx-
treme from the wide spectrum of mating sys-
tems found in nawure, Moreover, it is a com-
mon mode of reproduction among plant
species, particularly among colonizing specics.
Interest in self-fertilizing sysiems stems, not
only from its prevalence, but also becausce it
represents a type of sexual reproduction where
the presumed advantages of sexuality have
been foregone. Aside from questions of cvo-
lutionary significance, sclf-fertilization is often
emploved in plant breeding strategies as an aid
in manipulating genetic materials. It is not
surprising that this system of mating has long
been an object of theoretical investigation. In
fact, Mendel” caleulated the rate of loss of
heterozygosity at a single diallelic locus under
scli-fertilization in the absence of selection and
mutation,

Studies of the dynamics of selfing systems
usually focus on the rate of loss of heterozy-
2osily under various assumptions about pat-
terns of selection. Haldane? considered the
short term effects of reeurrent forward
mutation at a single dialielic locus with no
sclection in a self-fertilizing Yine and derived
the expected frequency of heterozygotes due
to mutation of fully viable autosomal genes.
Kidwell® derived the equilibrium frequencies
for a single autosomal diallelic locus subject
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to forward and reverse mutation with no se-
lection in an infinite population of self-fertil-
izing organisms. [n this paper we extend those
results to include the effect of selection. We
also consider equilibrium gene and genolype
frequencies for two and three diallelic auto-
somal loci under selection and subjeet to re-
current fore and back mutation.

One-locus case

Although i1 is both cumbersome and tedi-
ous, detailed derivations of the equilibrium
conditions for the one-locus case are presented
so that the results for two- and three-loci can
be given more concisely. In addition o com-
plele seifing, the assumptions include a single
diallelic autosomal locus with constant selec-
tion values, constant mulalion rates, and
normal Mcndelian segregation. Selection is
assumed 10 occur through viability differences
only. Let p and prepresent the mutation rates
from 4; to 4z and from 43 1o 4, respectively.
The relative fitness of each of the three gen-
otypes is designated as wy for 4,4, w; for
A1Azand W3 for AsA5. Let P“J‘]]. P(z‘!—l).
and P, be the frequencies of the gen-
otypes A4, A,4; and 4245 in any gencra-
tion r~1. The P's obviously must sum to 1,
The relation between the genotype frequencics



in gencration t—1 and relative numbers in
generation ¢ can be presented as follows:

Genotype
and frequency
inany Genotype and frequency in the next generation, ¢
gencration
—1 AA; AyAz Az
A AP will=p)?Poi-1) 2wou(1 =) P -1y WP
wi{l—=u+r)? wyll=—p+r)(1+ =) wi (14+u—p)?
A1AzPze-1y T P S E Py e Py
4 2 4
A4y Pig-n wirtP 3 ) 2wor{l=v) Py -1y wi{1=1) Piaoy
and
. (I—p+r)?
Py =wy {(1—;1)~P“,,-|) P+ vPury
(1=u+)(lFp—r)
Pizn =w lzﬂ(l )Py + —T__Pcz.r—n + 20(l—)Pai-1) .- L
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Since the derivation of the factors (1—g)2,
(1—p+#)*/4, etc. may not be self-cvident,
Kidweil® illustrated their caloulation for the
heterozygote 44z, It is reproduced here for
the convenience of the reader. There are four
possible outcomes at gametogencsis, cach with
a known probability of occurrence:

1) A4, docs not mutate and 43 does not
mutate, P{1) = (|—u3(1—v):

2) A, does not mutate and A1 mutates to
Ay P(2) = p(1—p);

3} A, mutates 1o 4, and A4, does not mu-
tate to Ay, P(3} = p(l—u):

4y A, mulatesto A-and A, mutates 1o Ay,
P(4) = urv,

Hence, the frequency of the 4, gamele is
{(1—u+r)/2 and the frequency of the 45
gamete is (V4p—r)/2. On selfing the fre-
guency of the 444, genotype is obviously
(1—p+r)?/4, clc.

Letting wy (1 —p)* = ayp 2wap{ 1 —p) = a2,
elc., we can write the recursion equations 1.1
in matriz form, i.c.,

Pan ay aqr axs Paa-1
Panl=tan an an)X|Pre-n 1.2
Panl fan an an Pia-n

or (Pi,] = [Aiy] X [Pie=-n]-

The elements of the matrix [A;] are the
expected rates that genotype j in onc genera-
tion will give rise to genotype [ in the next
gencration. It should be noted that [A4] is
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neither a probability wransition matrix nor a
matrix of probabilities. The columin vector
[P:] does not in general sum to unity and
must be normalized by dividing cach clement
of [P; ;] by the sum of the three clements prior
to substituting it for the veetor [P;,—4] in each
generation, [n this model the selective valuc of
cach progeny genotype is independent of the
parental genotype from which it arose,
At equilibrium

(Pind = [Pu-nl

Although analytical methods arc available and
feasible for the single-locus case, they were not
used because the equilibrium expressions are
much (oo detailed o permit biological gener-
alizations. Instead, equilibrium frequencics
were obtained by iterating the recursion
equation 1.1 until [P 1] = 1Po—1y] = some
arbitrary tolerance, K, (10~ in this case). An
alternative procedure determines the domi-
nant root of the characteristic equation of
[A4i;]. The former method has the advantage
of showing how the cquilibrium values are
approached, yel requires no more computation
than do numerical toutines for caleulating
dominant cigenvalues, The dominant root
meihod was, however, used to confirm some
of our conciusions in the two-locus case.
Equations 1.1 were evaluated for a large
number of parameter values reflecting several
different models of seleetion. A small but
representative sample is given in Table L The
most obvious conclusion is that selfing is the

for all .

major force in changing genotvpe frequency,
This is dramaticaily illustrated in Table | and

Figure |, far the case of equal fore and back
niutation rates and selective neutrality. Even
under complete dominance and with mutation
favoring the recessive allele, the frequency of
the heterozvgote is always less than that of the
recessive homozygote. When selection is re-
inforeed by selfing, the favored homozygote
increases far more rapidly than with the neu-
tral model, as shown in Figure 2. When sc-
lection dircctly oppases the effect of selfing.
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FIGURE 1 The approach to genotype frequeney

equilibrium of a single locus under neutrality (u =
p=10"%w; = wy=wy = 1)
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FIGURE 2 The approach to genotype frequency
equilibrium of a single locus with complete domi-
nance (g = 1075 0 = 107% w) = w, = 1, w, =
0.5).
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L.e.. the heterozygote is favored, except for
extreme selection values the effect of selfing
is moderated only slightly and still predomi-
nates, as can be seen by examination of Table
1 and Figure 3. Finally, it is obvious from
Table I and the figures that mutation is a
trivial foree unless the setection coefficients arc
extremely small.

Two-locus case

The consequences of self-fertilization for
two zutosomal loci in the absence of mutation
and seleciion have been considered by Di-
amantis', Haldane and Waddinglon?, Karlin?,
Kimura®, Robbins®, and Wright®. Here we
consider the joint clfects of sclf-fertilization,
linkage, selection, and mutation. The as-
sumptions include: 1) two diailelic autosomal
loci, 2) constant selective values for each
genotype, 3) sclection oceurs only through
viability differences, 4) constani fore and back

Table 1.
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FIGURE 3 The approach to genotype frequency
cquilibrium of a single locus with overdominance (u
=y =10"%w; = w3 =05 wy=10).

Single locus equilibrium genotype and allele frequencies for four selection models and

some representative parameler values
P

Parameter

Frequency of

H v Wy W3 Wi A1A; A}Ag A2A2 A
Neutrality
1075 107% 1.0 1.0 1.0 499980 10-" 3.99980 X 10~* 459980 101 3.00000 X 107!
10~ 107% L0 1.0 [0 498193 % 10~% 2,19350 X 10~ 3501785 X 107" 4.98204 X 10!
Complete deminance
1075 107% 10 1.0 05 999930 X 107" 399988 X 1077 999980 X 10~¢ 4,98203 X 10~/
104 0= 10 1,0 0.5 999999 X 10! 3.99999 x [0~!'® 9.99999 x |0~ 4.98204 X 107!
10=% 10~% 1.0 1.0 0.5 9.99950 X 107" 3.99984 % 10~ 1.00000 X 10~% 999970 x 10!
Incomplete dominance
107 107 1.0 0.9 0.5 9.99539 % 1071 327266 X 107 818177 X 1076 §.99975 X 107!
10-° 107¢ 1.0 0.9 0.5 999959 107" 327263 X 10~F §.18201 X 107% 999975 % 107!
107 10°% 1.0 05 0.1 999986 X 10~ 133333 X 107%  3.,70387 X 1077 9.99993 x 10~
107% 107 1.0 0.5 0.0 999986 X 10! 1.33333 X 10™% 370394 X 107 9.99993 X 107!
Overdominance
107% 107% 0.5 1.0 05 495423 107! 7.56078 X 10~ 497014 X 10~ 4.99205 X 107!
107% 107 05 1.0 0.3 3953141070 937116 X 107 495314 X 10-1  5,00000 X 10-!
i07% 107¢ 001 1.0 0.00 5.05041 X 1073 9.89899 X 10~F  35.05060 X 10~  5.00000 X 10!
Table II.  Four two-locus selection models
Model
Genolype Fitness 1 2 3 k|
A|B|/A|B] Wy = 1 1 1 1+ 2s
AyB./A4, B, wy = | —x 1+s 1 —x 1+
A18\/4-8, Wi = | == i +5 | —5 I+ 5
AiBi/AIBz Wy = | — 25 (l +S).’ (l __.-‘-)2 1
AyByfA B wg = 1 =25 | | —2s 1
A BafAsB,y wg = 1 =25 (1 + 5)2 (1 =52 |
A|8:/A233 Wy = 1—3s I +5 (]—S)(]—ES) I+ s
AgBlfAQB; Wy = | — 25 1 | — 25 1
AB /AR, wq = 1~ 3s 145 {1 —sK1 —28) 145
A8/ A8, wip = ] ~ds 1 (1—2s) 1+ 2s
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mutation rates that may differ between loci,
5) mutation at each locus occurs after gamete
formation, i.e., after crossing over has oc-
curred.

Let gy, vy, 1s, and v, be the fore and back
mutation rates for the 4 and B loci, respee-
tively, The probability of recombination is
denoted by r, where (0 < r < 0.5). (We orig-
inally deveioped the model permitting differ-
ent recombination fractions for male and fe-
male gametophytes. This feature is omiited
here in the interest of simplicity.) The fitness
of cach genotype is designated as follows:

A8y 48, A8, 418y A1B;
ABy A By A8y A28y A B

Genotype

Wi Wa L Wy Ws

Fitness

A\By A\Bs A28 A8, 438,
A28 A>B-2 A2B) ABy A8,

Genotype

Fitness W, L Wy wo  Wip

As in the gne-locus case, the relation be-

tween the genotype frequencies in generation
7—1 and relative numbers in generation 1 is:

[Pun] = [Ay] X [Pa-1)]

where [Py ] and [Py;,—1y] are 10 by 1 column
vectors and [4;,] is a 10 by 10 matrix of rates
analpgous to those in the one-locus models.

Caleulation of the ay; is straightforward but
tedious. Space limitations preclude writing out
the entire set of 100 rates; hence their calcu-
lation is illustrated for @4 4—1he rate that an
individual of genotype 4, 418,/428, in gen-
eration r—1 will give risc to an individual of
genotype 6, A, B2/428,, in generation . The
parent will produce four types of gametes in
the following proportions:

2

Gamete Frequency

A8y [ =) 211 —ug) (1 =pp) + v4up]
+ [7/2][1’0(1 —up) + (1 —pg}] =
A8y [(1=r)/2]{up(1—pa) + va(1—23))

+ (2] [(L=p )T =vp) + vapp] = g42

A28y [(1~r)/2 a1 —pp) + v (1—1,))
+ [r/zl[#ayb'i' (l_ya)(l_ﬂ-b)] =
A8y [(1=r)/2][paps + (1—p)(1—1p)]

+ 121 [pa (=) + pp(1 =2g3] =

where the subseripts on the g's refer to the
parental genotype, and lype of gametc pro-
duced. The frequencies are designated:

£4.1- 842, 843, Baa
thus
Aoa= 2822 X ga3 X Wy

where wy is the fitness of genolype 6. At
equilibrium

(Pinl = [Pui—iy] foralll,

-~1
-1
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In order 10 study this two-locus system, the
four selection models described in Table I1

were analyzed. Model 1 is additive directional
sclection against the recessive allele; model 2
represents multiplicative overdominance;
model 3 is multiplicative directional sclection
favoring A, 8,/4,8,, and model 4 is disruptive
selection. The recurrence relation 2.1 was used
to obtain numerically the cquilibrium
frequencies for these four selection models
using a number of parameter values. The re-
sults are given in Table IIl. These are but a
small sample of a virtually infinite number of
selection models and parameter values that
can be constructed. Caution should be excr-
cised in attempting 1o draw general conclu-
sions from this small set of models that are in
many ways artificial and employ a very re-
stricted set of parameter values.

Interest at the two-locus level centers on the

influence of linkage on cquilibrium gene and
genotype distributions, sclection and mulation
having effects similar to those observed in the
one-locus models. As expected, the degree of
linkage has ne effect upon the equilibrium
frequencies but tight linkage siows the ap-
proach to eguilibrium. This transicnt effect js
illustrated in Figures 4 and 3 in which three
represcntative genotypes of the total of 10
were graphed. In the case of tight linkage, the
slower approach to equilibrium allows the
double heicrozygote 1o decrease less rapidly
than the single heterozygote due 1o overdom-
inant sclection. However, in the long run, the
effect of selfing predominates and the fre-
qucncy of the double heterozypote is less than
that of the single helerozygote. In the absence
of linkage, the selfing effect predominates
from the outset. This is shown in Figures 4
and 5.

Disruptive sclection generates the maxi-
mum amount of linkage disequilibrium which
1s defined as

d=ru—st,

where 7, s, f. and u denotc the relative
frequencics of the gametic types 4B, 4,85,
A28y, and 4,8, respeetively. This is not due
Lo the tightness of linkage but to the fact that
selection favors the genotypes 4B /4,8, and
A2B3/A28> equally, and (hat selection is re-
inforced by sclfing. The other models generate
little, if any, linkage disequilibrium.

Three-locus case

Extension to the threc-locus case is
straightforward, but the level of complexity
increases substantially, All of the assumptions

Takfe [TI.  Joint effucts of linkage, mutation, scleetion and selfing on gene frequency [(P{A ) and P(B,)], beterozygosity [A(A), A(B) and h(D}], and
linkage disequilibrium, The selection models are defined in Table IL Mutation rates are assumed (o be cqual at the two locl, ga = up; ¥4 = vp. P(A1)
and P(By) arc the frequencies of the alleles 4, and By, h(A) und A{B) arc the frequencies of the single heterozvgotes; (D) is the frequency of deoble

heterozygotes and d is the degree of linkage disequilibrium. Since the models are symmetric, P{A |} = P(B,;) und h(A) = h{B)

Fitness Parameier values Equilibrium statistics
model u » § r P{A)) = P(B)) h(AY=h(B) R d

10=° 103 0.m 0.01 9.991892 x 19~! 3.920727 X 10—F 2232828 X 107¢ —2.351461 X} 10™*
10=F 10-6 0.01 0.01 9.991878 X 197! 3.917883 X 107¢ 2.229624 X 107% —2.366824 X 107%
16=F 19-% 0.13 0.01 9999680 % 101 2.9%56493 X 107° 1.036244 X 1079 6711218 x 1074

1 10-% 1g-¢8 0.13 .01 9.9996%0 x 10~ 2.956449 X 107% 1.036220 % 107° 6.711295 x 10!
|n-* 1073 0.01 0.50 9991892 % 107} 3.920727 X 10°% }.537003 X 10~° —2.352587 X 10™%
19—= [0—* 0.01 0.30 9991877 X 107! 3917885 X 10~* 1.534776 X 1077 —2.367939 X |0—¥
10—* 10—* 0.15 0.30 9.999680 X 10~ 2.956303 X 10~° §.410795 X 1010 1110651 x 10710
103 Q- Q.15 0.50 3.999680 X 10! 2956437 X 1078 2410509 X 10710 1110629 X 107¢
1o-% 10-> 0.1 0.01 5.000000 x 1071 4888387 x 10°% 4,095392 X 10° 1.405126 X 0718
10-3 10~° 0.1 0.01 4.982053 x 107! 2.680933 X 1073 1.231764 X 10-° 1,789177 x 10712
10-3 10-* 0.4 0.m 5.000000 x 1971 9.341974 X 1073 1177437 X 1077 1.874369 x 0718
1= 1Qe 0.4 0.01 4982811 X 107¢ 5122003 X 197F 3923641 X 107* 1033523 x 1078

2 10=2 16—% 0.1 0.50 3,000000 % 10! 4.888553 % 1073 2.389795 X 10-* 1.419004 X 10715
1n== 100 0.1 0.50 4982052 X 10~! 2680923 X 107% 7187356 X 10710 4,312089 x {071*
10—* 10— 0.4 0.50 3.000000 % 10~ 9331340 X [0™5 8707763 X 1077 2319686 X 10718
10— 10-¢ 0.4 0.30 4,982125 x 107! 3117884 x 1073 2619273 % 1077 1.491494 x 10712
10=" 1073 0.1 0.01 §.996509 X [0~} 3272637 X 1073 1416416 X 107% 6.292400 X% 10712
10—F 10-¢ 0.1 0.01 §.9963509 X |01 3.272561 X 1075 1.416353 X 1077 £.292694 X 10712
10-% 10-3 0.4 0.1 9.995904 X 10-! 1714277 X 1075 3.247162 X 10710 4.025319 x |02

3 10—* 10-% 0.4 0.01 9.999904 x 1071 1.714276 X 10~ 3.247168 X 10710 4023483 x 10712
107F 1073 0.4 0.30 5.999309 x 107" 3272638 X 1070 1.071029 X 107 2843433 x 107
1073 1o—¢ 0.1 0,30 9.999509 X 10~" 3272561 X 1073 1.070966 X 10~ 3.360421 X 107
1073 10-* 0.4 0.30 9.999904 X 107! 1.714276 X 107% 2938748 X 10710 6.139231 x 107
1o=—* 10-¢ 0.4 0.50 9.999904 x 10~" 1.714276 X 10— 2938742 X 1070 7431701 x |0~
1072 10 0.1 0.01 5.000000 X 10~ 33843583 % 1072 1.316914 X 1077 2.499408 X 107}
10-3 10-¢ 0.1 0.01 4973986 X 101 1835144 % 10°% 7628745 X 10710 2.499631 X 107!
10-% s 0.4 0.01 5.000000 x 10! 2545432 % 1077 6939915 X 10710 2499793 X 107!

4 10-* 1n=s 0.4 0. 4975382 x 1077 1.394362 X 107F 3487772 X 10710 2.499826 X 1071
10-3 1% 0.1 0.30 5.000000 x 101 3.384390 X 1078 1133563 X 10-° 2.499408 X 10!
103 10-% 0.1 0.50 4978981 x 107! 1.855146 X 107% 5.700730 X 10710 2.499631 x 107!
10-*F to—* 0.4 0.30 5.000000 x 10~ 2345440 X 102 5.864977 X 107 2.499793 % 107!
103 10-¢ 0.4 0.30 4973378 x 107} 1.394365 X 103 2947313 X 1010 2.499826 x 107!
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of the two-locus model hold. Let w,, up, and
i be the forward mutation rates and vy, ¥p.
and ». be the back mutation rates for ihe
three-locus model. Under the stated assump-
tions the allele at each locus in a gamete pro-

duced by meiosis can mutate to the other. Tt is
convenicnt to let

Ya=1—paiye =l—ppiy. = 1—pua

za=l—vgizg = l—vyandz, = | =v.

GENOTYPE FREQUENCIES
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FIGURE 4 The approach 10 genotype frequency equilibrium for three of the 10 possible genotypes for
two overdominant loei (g = v = 10=% 5 = 0.4 see Table 1 r = 0.03).
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FIGURE 5 The approach to genotype frequency equilibrium for three of the 10 pessible genotypes for
iwo overdominant loci (u=v=10"% s =04 see Table [1:r = 0.5},
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The recurrence relations and equilibrium
cguations are of the same form as for the one-
and two-locus cascs, i.e..

[Punl = [Ay] X [Pis—1l .. 3l

where [P] and [P, —1y] are 36 by 1 col-
umn vectors and [A;] is 2 36 by 36 matrix.
Calculation of the ay; is again straighifor-
ward but much more tedious than in the two-
locus case. The linear order of the loci is ar-
bitrarily taken as 4 — 8 — €. Consider the
aenotype A418,C1/4:8:C; where the sub-
seripts designate parental origin of the chro-
mosome and may or may not also designate
different allcles. At meiosis, Tour mutually
exclusive cvents arc possible, one of which
must occur. Each event leads 1o the production
of two unique gametes.
Gametes

Event Description

1 A crossover between A4
and B, but not A:B,C,
between B and ¢

2 A crossover between B AB,C;
and C, but not A:B5C,
between 4 and B

1 A crossover between A AB>C,
and B and between B 48,0,
and C, i.e., a double
Crossover

4 WNocrossovers A8,C

A:B-Cs

We denote the probabilities of these events
as Cy, Cz, Cy, and Cy, respectively, and ab-
servethat G, + C:+ Ci+ Cy= 1. The Cs are
related to the conventional recombination
fractions as follows:

F]=C'\+C3
!‘3=C2+C3
ry=Cs

where ) is regarded as the probability of a
crossover between A and B: r: is the proba-
bility of a erossover between B and C; and r4
= (3 is the probability of a double crossover.
It is eustomary to think of r3 = ryrs. but this
restriction is not essential.

The C's can be expressed in terms of the #'s
as foilows:

Ci=ri—n
C;; =r:—r:
C] =r3
C4= 1 "‘(C|+C2+C3)=

| — Fp—F:2 + ri
Calculation of the a;; proceeds as {oliows:
1) Determine the gametic outpul and fre-
quency of each of the j (= 36) parcntal gene
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Table IV. Gamete frequency after meiosis followed by mutation. The gametes in the top row
mutate 1o those in the left hand column with the frequencics given in the body of the table, e.g.,

AzB, Gy mutates 1o Ay By Cy with a frequency of v, jipz,

Gametes
Gametes  A18:C, A18,C2 A 8,0, ABCr A8 48,0, AB:Cy A8:C,
ABICy papaye VaVale Falple YaVple  FaVele VaVple  Va¥pVe  VaVol:
A By papaae Yabrle YaVobe  YaVeic YaVele EATES PaVsll:  ValUpZc
A18,C, YalbVe Yatpl¥e Yalslc YaZp¥, Pallslo ValaV- VaIp¥c VaZp¥s
A Cy Vallpfie VaHoZe YaZb e YaZpZe Yallh e YollpZe YaZplde Yalply
A8.C pyey. HaVobe  Hat8e  Ha¥o¥c  Zafbbe 2o¥pMe  Zakpbe  Zabpbe
Ay payene Ba¥pie Hatolte  Ha¥Zc  ZaVble  Zabeic ZaVpHe  ZgVsle
AB:Cy papsye HeMa¥e  HaZePe  MaZple  TaMeVe  Zals¥e  ZaZbbe  Zalple
A:8:Cy HalpHco HaltsZe HaZb My MaZpic ZaMble Za e, ZaZpkc ZglhZe
Table V. Gametie ocutput of the genotypt Ay B, €3/ A, B2 C; due to metosis and mutation

Gamete znd its

freq. after
meiosis and Gamete frequency after meiosis and mutation
before mutation A8\ Cy AVBCr A B C) Ay B:Cy A8\Cy AaBvCy AXBC) A2B:0,
ABYC RO+ Ca) vaysle  Ya¥sbc  Falts¥e Valslc Ha¥b¥e MoVl Mapiple  Malbie
A BICyB{Ca + Ca) yadpie yoVeZe  FoHaVe  YoMpZe  pabePe  HoVpZe  Haflple  MalaZ:
A B2CUA(C2 + C3) yavsle  VaVsBe  Yals¥e  FaIbHe  Ha¥hVe  HoVple  HaZpVe  MHaZbils
ABCy B+ Ca) Yavewre  ¥e¥pZe  YaZsbe  YaloZe  pabelc  BaVeZo  paZpVe  MPalple
Sums S] 52 SJ 5.; 8 S() 54 Sg

otypes as a result of meiosis. For example, for
a; 4 this would be (gametes, above; frequen-
cics. below):

A1B-0y A8

A8, A18,C

0+ Cay WG+ Co) Ca+ ) RIC + Cy
where the 4th parental genotype is 4,8,C)/
A pB'gC‘z.

2) Eachof the gametes produced by meiosis
can give rise to one of eight distinct types asa
result of mutation or its absence at each of the
three loci. For the reader’s convenience, the
first row of Table IV gives the cight possible
kinds of gametes produced by meiosis. (Most
parcntal genotypes will nor produce all eight
gametic types.} The left hand column gives the
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eight possible gametic types that can arisc as
a result of mutation or its fatture. The body of
the table gives the associated probabilities. We
will use the term “muiation coefficients” to
identify them. Next we consiruct a two-way
table similar to Table V. The top row identifics
each of the eight possible gametic types. The
left hand column lists the gametic types pro-
duced by meiosis and their frequency before
mutation. Each element in the body of the
table is the product of the frequency before
mutation and the mutation coefficient. The
frequency of each gametic type is given by the
sum of the (requencies in each column. In this
example, the frequency of 4,8, is:

S, = UZ(CI + C‘-!)b)a_vb}"r T yavived
T A(Cy + Casve + Savpyeh

3) The zygote production for each of the 36
selfing genotypes is obtained by constructing
an 8 by & matrix of genotype frequencies by
premultiplying a row vector of the freguencies
of the eight gametic types by its transpese. The
eight diagonal clements correspond to the
homozygotes. Reciprocal off diagonals are
combined to give the 28 heterozygotes. These
genotype (requencies are multiplied by the
appropriate fitness values and when properly
identified used to form one of the 36 row or
column vectors ol [4;;]. Equilibrium genotyp-
i¢c frequencies are calculated in the same
manner as for one- or two-locus medels.

The four selection models examined in-the
two-locus case were extended 1o three loci and
numerical solutions for a number of parameter
values obtained. The numerical results for
three loci are similar to those obtained for two
loct.

In conclusion, it should be noted that the
theoretical foundations for the formulation of
the recurrence equations have existed since the
early decades of this century, but only recently
has the availability of high speed computers
madec the rumerical analysis possible.
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