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ABSTRACT: One-, two- and three-locus models of selection and mutation in completely 
self-fertilizing populations are examined. Equilibrium frequencies can be determined for 
these systems. Numerical analyses indicate that random genetic drift attributable to selfing 
plays a major role in determining equilibrium frequencies, even when strong directional 
selection is operating. Linkage has no effect on marginal gene frequencies or single-locus 
heterozvoositv at eauilibrium. The onlv model of those examined which leads to linkage ,- . 
disequilibrium is disruptive selection. In that model, selection reinforced the effect of se l f -  
ing in favoring the homozygous genotypes. 

SELF-FERTILIZATION represents one ex- 
treme from thewide spectrum of mating sys- 
tems found in nature. Moreover, it is a com- 
men mode of reproduction among plant 
species, particularly among colonizing species. 
Interest in self-fertilizing systems stems, not 
only from its prevalence, but also because it 
represents a type of sexual reproduction where 
the presumed advantages of sexuality have 
been foregone. Aside from questions of evo- 
lutionary ~ i ~ c a n c e ,  self-fertilization is often 
emptoyed in plant breeding strategiesas an aid 
in manipulating genetic materials. I t  is not 
surprising that this system of mating has long 
been an object of theoretical investigation. In 
fact, Mendel7 calculated the rate of loss of 
heterozygosity at a single diallelic locus under 
self-fertilization in thcabsence of selection and 
mutation. 

Sttdies of the dynamics of seffing systems 
usually focus on the rate of loss of heterozy- 
gosity under various assumptions about pat- 
terns of selection. Haldanez considered the 
short term effects of recurrent forward 
mutation at a single diallelic locus with no 
selection in a self-fertilizing lineand derived 
the expected frequency of heterozygotes due 
to mutation of fully viable autosomal genes. 
Kidwelt* derived the equilibrium frequencies 
for a single autosomal dialldic locus subject 

to forward and reverse mutation with no se- 
lection in an infinite population of self-fertil- 
izing organisms. In this paperwe extend those 
results to include the effect of selection. We 
also consider equilibrium gene and genotype 
frequencies for two and three diallelic auto- 
somal loci under selection and subject to re- 
current fore and bade mutation. 

One-locus case 

Although it is both cumbersome and tedi- 
ous, detailed derivations of the equilibrium 
renditions for the one-locus case are presented 
so that the results for two- and three-loci can 
be given more concisely In addition to com- 
plete selfing, the assumptions include a single 
diallelic autosomal locus with constant selec- 
tion values, constant mutation rates, and 
normal Mendelian segregation. Selection is 
assumed to occur through viability differences 
only. Let hand vrepresent themutation rates 
fromA1 toA2andfromA to A,, respectively. 
The relative fitness of each of the three gen- 
otypes is designated as wl for A&, w2 for 
AiA~andw,  for A d z .  LetP(1,,-1), P(2.t-I), 
and Pf^,,-l) be the frequencies of the gen- 
otypes A\A\, A& and A& in any genera- 
tion r-I. The P's obviously must sum to l. 
 he relation between the genotype frerpendes 



in generation 2-1 and relative numbers in 
generation t can be presented asfollows: 

major force in changing genotype frequency 
This is dramatically illustrated in Table 1 and 

aid  

Rgure 1. for the case of equal fore and back 
mutation rates and selective neutrality Even 
under completedominance and with mutation 
favoring the recessive allele, the frequency of 
theheterozygote is always less than that of the 
recessive homozygote. When selection is re- 
inforced by selfing, the favored homozygote 
increases far more rapidly than with the neu- 
tral model, as shown in Figure 2. When se- 
lection directly opposes the effect of selling, 

Since the derivation of the factors (I-~)2,  
( l - p + ~ ) ~ / 4 ,  etc. may not be self-evident, 
Kidwell5 illustrated their calculation for the 
heterozygoteA1A2. It is reproduced here for 
the convenience of the reader. There are four 
possible outcomes at gametogenesis, each with 
a known probability of occurrence: 

I) AI does not mutate and Az does not 
mutate, P(I) = (1-p)(I-Ãˆ) 

2 )  Ai does not mutate and A, mutates to 

ti '\, tm"mmm 
neither a probability transition matrix nor a 0.1 
matrix of probabilities. The column vector 
[Pidl does not in general sum to unity and ;B.~'\, - , , I , , , , , 1 ' . 
must be normalized by dividing each element 
of [P,,] by the sum of the three elements prior 0 2 4 8 8 1 0  

GEKEBATIONS 
to substituting it for the vector [P,(-i] in each 
generation. In this model the selective value of FIGURE 1 The approach to genotype frequency 
each progeny genotype is independent of the tqud~bsmm of a singlelocus under neutrality (y = 

parental genotype from which it arose. u = 10-5;wi = wz = w3 = I ) ,  

At euuilibrium - 
Ai, P(2) = u(l -u); 

3) A1 mutates to A2 and A2 does not mu- [p<i.c)l = [p(t.i-i)l for all 1. 

tate toAi, P(3) = p(l-r); Althoush analytical methods are available and rÃ‘Ã‘Ã‘Ã‘Ã‘Ã‘Ã‘Ã‘raÃ‘Ã - --. . ..- 
4) A I mutates to A i  and A2 mutates to Ai, feasible for the single-locus case, they were not 0.6 - 

P(4) = pn. used because the equilibrium expressions are 
Hence, the frequency of the A I gamete is much too detailed to permit biological gener- g 

(I-^+dl2 and the frequency of the AZ alizations. Instead, equilibrium frequencies 
0.6 gamete is (I+^-u)/2. On selling the fre- were obtained by iterating the recursion a 

quency of the AIAI genotype is obviously equation 1.1 until [P<i,i)] - [P(,,,-I)] =some 0 

(l-~+v)l/4, etc. arbitrary tolerance, K, (1W1I in thiscase). An 
Letting WI(I-+Iz = a11;2w2j~.(l-~) = 0121 alternative procedure determines the domi- ; 0,4 

etc., wecan write therecursion equations 1.1 nant root of the characteristic equation of >- 
in matrix form, i.e., [A,,]. The former method has the advantage g 

of showing how the equilibrium values are !j 
\'. 

approached, yet requiresno more computation 0.2 a u  012 013 ~ ( u - I )  

p <2,,) = an 022 P,~,-]) . . 1.2 than do numer~cal routines for calculating Ex3, a32 a3j dominant eigenvalues. The dominant root : - A U ~  s . ^ .  x -. 
\ '.,A-Ã‘Ã‘*21 

method was, however, used to confirm some I a , , , I , .: , q ~ - G ~  
Or [PrJl = [p(t.z-~)l. of our conclusions in the two-locus case. 0 2 4 6 6 1 0  

Equations 1.1 were evaluated for a large GEMKATIONS 
The elements of the matrix [A,,] are the number of parameter values reflecting several 

expected rates that genotype j in one genera- different models of selection. A small but ~ & f T ~ ~ r r f ^ ~ ~ ~ ~  
tion will give rlse to genotyp i in the next represe.ntativesamplels giveninTabIe1.Thc nance = 10-5, = 10-6, w ,  = w2 = w3 = generation. I t  should be noted that [A] is most obvious conclusion is that selfing is the 0.5). 
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i.e., the heUircKigotc i$ favored, except for 
extreme selection values the effect of selfing 
is moderated only slightly and still predomi- 
nates, as can be seen by examination of Table 
I and Figure 3. Finally, it is obvious from 
Table I and the figures that mutation is a 
trivial force unless the selection coefficients are 
extremely small. 

Two-locus case 

The consequences of self-fertilization for 
two antosomal loci in the absence of mutation 
and selection have been considered by Di- 
amantis1, Haldane and Waddion3,  Karii4, 
Kimura', Robbims8. and Wri&t9. Here we 
consider the joint effects of self-fertilization, 

' linkage, selection, and mutation. The as- 
sumptions include: 1) two diallelic autosomal 
loci, 2) constant selective values for each 
genotype, 3) selection occurs only through 
viability differences, 4) constant fore and back 

FIGURE 3 The approach togenotype frequency 
equilibrium of a singlelocus with overdominance 6 6  
= v = 10-5; wl = w, = 0.5, wz = 1.0). 

mutatiffli rates that may differ betwe? tad, 
5) mutation a t  each locus occurs after gamete 
formation, i.e., after crossing over has oc- 
curred. 

Let pa, ua, m,, and v b  be the fore and back 
mutation rates for the A and B loci, respec- 
tively. The probability of recombination is 
denoted by r.where (0 5 F S. 0.5). (Weorig- 
inally developed the model permitting differ- 
ent recombination fractions for male and fe 
male gametopbytes. This feature is omitted 
here in the interest of simplicity.) The fitness 
of each genotype is designated Q.S follows: 

AIBI A& AIBI AIBI At& Genotype - - - - - 
AiBi A1B-i AZBI AzBt AIBZ 

Fitness 

Genotype 

Fitness 
As in the one-locus case, the relation be- 

tween thegenotype frequencies in generation 
 able I. S i i e  locus equiliiiim genotype and allde frequenciesfor ffflirielection models and ,-I and relative numbers in generation t is: 

some representative parameter values 
[J'(,,t)l = [A,,] x [PO-.,-1)l . . .2.1 

Parameter Frequency of 
li v W I  w2 w3 AiAt AIAZ A h  AI where [P(,;)] and [PCiJ-l)] are 10 by 1 column 

vectors and [A,,] is a 10 by 10 matrix of rates 
Neutrality analogous to thosein the onelocus models. 
10-3 10-5 1.0 1.0 1.0 4.99980 X lo-' 3.99980 X lo-' 4.99980 X 1O-l 5.00000 X lo-' -tion of *e a,, is s ~ ~ g h t f ~ w ~ r d  bat 

lod6 1.0 1.0 1.0 4.98193 X lo-' 2.19350 X ID4 5.01785 X 10-I 4.98204 X lo-' tedious. sDacelimitations ,,recludewritine out 
Complete dominance 
10-9 10-5 1.0 1.0 0.5 9.99950 X 10-I 3.99988 X I F 5  9.99980 X lo-' 4.98203 X lo-' 
10-1'' 10-10 1.0 1.0 0.5 9.99999 X lo-' 3.99999 X I F m  9.99999 X lo-" 4.98204 X 10-' 
10-5 10-6 1.0 1 0 0.5 9.99950 X 10-I 3.99984 X IW5 1.00000 X 9.99970 X lo-' 
Incomplete dominance 
lo-' 1.0 0.9 0.5 9.99959 X 10-1 3.27266 X 1 F 8  8.18177X 1W6 9.99975 X lo-' 
10-5 10-6 1.0 0.9 0.5 9.99959 X lW1 3,27263 X 8.18201 X 104 9.99975 X I F '  
10-5 10-5 1.0 0.5 0.1 9.99986 X lo-' 1 33333 x 10-5 3.70387 X 10-7 9.99993 X lo-' 
10-5 lo4 1.0 0.5 0.1 999986 X 10-1 133333 X 10-5 3.70394 X 10-7 999093X 10-I 
Overdominance 

I O W  0.5 1.0 0.5 4.95425 X lo-' 7.56078 X 4.97014 X 10-1 4.99205 X I F '  
0.5 1.0 0.5 4.95314 X 10-I 9 37116 X 10-3 4.95314 X 10-I 5.00000 X lo-' 

104 0.01 1.0 0.01 5.05041 X 9 89899 X 10-1 5.05060 X lo-' 5 00000 X 10-1 

Table 11. Four t-locus selectionmodels 

Model 
Genotvoe Fitness 1 2 3 4 

- 
the entireset of 100 rates; hence their ealcu- 
lation is illustrated for ag.4-the rate that an 
individual of genotype 4, A lB\{AiB2, in gen- 
eration 2-1 will give rise to an individual of 
genotype 6, AiB2/A2B1, in generation 1. The 
parent will produce four types of gametes in 
the following proportions: 

Gamete Frequency 

AIBI [(l-r)/21 [ ( l -~~) ( l - l i t )  + v,,utI 
+ [r/21 [>.,,if -in) + nd-&) I  = Ã ,̂ 

A1B2 [(l-'-)/2lIw(l-li.) + vd-ub)I  
+ Ir/?] [ ( l - ~ , ) ( l - ~ b )  + = g4.2 

A ~ B I  Kl-r)/21 [ l id1 -lit) + ub(l-r,)] 
+ [r/21 I l i Ã ˆ ~  + (1 -u.)Cl -lid1 = g ~ . ~  

A& [(I -r)/2l[klib + (l-v.)il-vdI 
+ [r/2l[lia(l-r~) + w(l-vÃˆ) = g4.4 

where the subscripts on the g's refer to the 
parental genotype, and type of gamete pro- 
duced. The frequencies are designated: 

g4li g4.2, g43, S4.4 

thus 

a6A = 2~4.2 X g4.3 X W6 

where wg is the fitness of genotype 6. At 
equilibrium 

[PÃ‡,,) = lP~t.r-i)I ft"" i'. 
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In orderto study this two-locus system, the a u e n c e  of linkage on equilibrium gene and 
four selection models described in Tabte I1 

.Ma4 l Wd I 
selection against the recessive allele; model 2 6se-locus models. As expected, the degree of 
represents multiplicative overdominance; finkage has no effect upon the equilibrium 
model 3 is multiplicative directionalselection, ^equencies but tight linkage slows the ap- 
favoring A\B-/AiB1, and model 4 is disruptive p a c h  to equilibrium. This transient effect is 
selection. The recurrence relation 2.1 was used illustrated in Figures 4 and 5 in which three 
to obtain numerically the equilibrium mpresentative genotypes of the total of 10 
frequencies for these four selection models Were graphed. In the case of tight linkage, the 
using a number of parameter values. The re- slower approach to equilibrium allows the 
suits are given in Table 111. These are but a d@Ãˆbl heterozygote to decrease less rapidly 
small sample of avirtually infinite number of titan the single heterozygote due to overdom- 
selection models and parameter values that inant selection. However, in the long run, the 
can be constructed. Caution should be exer- effect of selfing predominates and the fre- 
cised in attempting to draw general conclu- quency of the double heterozygote is less than 
sions from this small set of models that are in that of thesingle heterozygote. In the absence 
many ways artificial and employ a very re- of linkage, the selfmg effect predominates 
strict& set of parameter values. From the outset. This is shown in Figures 4 

Interest a t  the two-locus level centerson the and 5. 

Disruptive selection generates the maxi- 
mum amount of Iinkqgeriisequilibriui~ which 
Is defined as 

where r, s, 1, and ti denote the relative 
frequencies of thegametic types A&, AkB2, 
AiB\, andA2B-i, respectively. Thisis not due 
to the tightness of linkage but to the fact that 
selection favors the genotypes AIBI/AiBl and 
AzBdAzBy. equally, and that selection is re- 
inforced by selfing. The other modefa generate 
little, if any, linkage disequilibrium. 

Three-locus ease 

Extension to the three-locus ease is 
straightforward, but the level of complexity 
increases substantially. All of the assumptions 

Tabk UL Joint effects of linkage, mutation, selection andselfingon gene frequency [(P(At) and P(Bi)\, bet-gosity [h(A), h(B) and h(D)l, and 
linlcage disequilibrium. The selection modelsare d e f i  Table IL Mutation ratesare assumed to be equalat the two loci, PA = {tv, v\ = VB. P(A1) 
and P(B1) are the frequencies of the alleles At and B-i. b(A) and h(B) are the frequencies ofthesingle heterozygotes; h(D) is the frequency of double 

heterozygotes and d is the degree of loucagedisequilibrium. Knee the models are symmetric, P(Ai) = P(Bi) and &(A) = h(B) 

Fitness Parameter values Equilibrium statistics 
model P u s r I'M = PWt) h(A) = h(B) I'm d 

lo-s IOW 001 0.01 9.991892 X loA1 3.920727 X Id-$ 2.232828 X lo-' -2.351461 X 1W8 
lo-@ 0 01 0.01 9.991878 X lo-' 3 917885 X lov5 2.229624 X lo-' -2.366824 X 10-' 

IOW lo-' 0 15 0.01 9.999680 X lo-' 2 956495 X lo-' I 016244 X lo-' 6.71 1218X 10-It 
1 10-5 lo4 0.15 0.01 9 949680 X lo-' 2 956449 X 1.056220 X lo-' 6.71 1295 X lo-" 

10-5 10-5 0 01 0.50 9.991892 X lo-' 3.920727 X 10-2 1.537003 X 10"' -2.352587 X 
10-6 0 01 0 50 9.991877 X LO-' 3.917885 X 1 534776 X 104 -2.367959 X lo-' 

lo-' lo-' 0.15 0 50 9.999680 X lo-' 2.956503 X 8.410795 X 1 11061 1 X 
1 0-5 10-6 0.15 0.50 9,999680 X 10-I 2.956457 X lo-' 8.410509 X 1B-lo 1.110629 X 10-Ã‡ 

lo-' 0 1 0.01 5.000000 X lo-' 4.888587 X lo-' 4.095392 X lo-' 1.401126 X lo-" 
lo-5 lo-6 0 1 0.01 4.982053 X10-' 2.680935 X loL5 1.231764 X lo-' 1.789177 X lo-" 
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of die two-locus model hold. Let fin, pb, and d& b.meiosiscan mutate to the other. It is The recurrence relations and .equilibrium 
fie be the forward mutation rates and v*, convenient to let equations areof the same form as for the one- 
and % be the back mutation rates for the and two-locus cases, i.e., 
welocus Under the stated assump- YO = 1 yb = l - P b ;  YC = 1 -PC; 

lions theallele at each locusin a gamete pro- z,, = l-va;zt = 1-n,andz, = 1-vc. [P(..i)l = [Arjl X [ ~ ( Y - I ) ]  . . . 3.1 

where [Pi,,i\ and [PW-n} are 36 by 1 col- 
umn vectors and [A,,] isa 36 by 36 matrix. ~ " " l " " l " " ~ " " ~ ' ~  Calculation of the 6.i is asainstraishtfor- ., - - 
ward but muchmore tedious than in the two- 

0.20 [ >  < @ll/AlBl ----+ locusease. The linear order of the loci is ar- 
bitrarily taken as A - B - C. Consider the 
genotype A1B1C1fA2B2C2 where the sub- 
scripts designate parental origin of the chro- 

a masome and may or may not also designate 
different alleies. At meiosis, four mutually 

0.15 exclusive events are possible, one of which 

!3 must occur. Each eveat leads to the production 
a M of two unique gametes. 

crossover 

E \ 
A~B~/A~BI - - 

- 
0 
z - 
3 . 

0.05 - - 
- 
- 
- 

--.. . -. - - 
- + - +  

FIGURE 4 The approach togenotype frequency equilibrium for threeof the 10 possible genotypes for A No crmovers two werdominant loci (ft = v = lO'% = 0.4 see Table 11; r = 0.05). AiBiCi 
AzBzCz 

Event Description Gametes 

1 A crossover between A AlB-sCi 
and 6, but not AZBICI 
between B and C 

2 A crossover between B ALBIC-Ã 
and C, hut not A-zBzCi 
between A and B 

3 A crossover between A A\B->Ci 
0.00 

10 15 20 and B and between B A$ I C2 0 5 
GEmRATIONS and C, i.e.,a double 

. , ,  , , We denote the probabilities of these events 
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- 
r3 = C3 

as C l ,  C2, C3, and C4, respectively, and ob- 

w e m C l + C 2 + C 3 + C 4 = l . n e C s a r e  related to the conventional recombination 
fractions as follows: 0.20 

0.15 
- 

& - 
Ed 

2 - 
- 
- 

0 
r=os - 

3 . \. r n - 1  - * 0.05 - \ - 
\ \ - 

- . 
. \ \. \ . A"- 

Y . - 
- AlB8/A2BI^Ãˆ. - - - 

. + . L  r ! 
- 

0.00 1 , :  

1 ' ' ' ' 1 ' ' ' 1 ' 
- AlB1/AlB1 
- -?- 
- 

- 

where ri is regarded as the probability of a 
crossover between A and B: FT. is the proha- 
bility of a crossover between B and C; and rs 
= C3 is the probability of a double crossover. 
It is customary to think of r3 = rtr-i, but this 
restriction is not essential. 

The C s  can be expressed in terms of the r's 
as follows: 

c i = r i - r ,  c3 = r3 

Ci = rl - r3 

C4= l - ( C , + C * + C 3 ) =  

0 5 10 15 SO 1 - r ,  - ri + r3 
GENERATIONS Calculation of the ay proceeds as follows: 

FIGURE 5 The approach to genotype frequency equilibrium for threeof the 10 possible genotypes for Determine the gametic Output and fie- 
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